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ABSTRACT 

We examine an approach to justifying the mean field approximation for the 
anyon gas, using the scattering of anyons. Parity violation permits a nonzero 
average scattering angle, from which one can extract a mean radius of curvature 
for anyons. If this is larger than the interparticle separation, one expects that 
the graininess of the statistical magnetic field is unimportant, and that the mean 
field approximation is good. We argue that a non-conventional interaction between 
anyons is crucial, in which case the criterion for validity of the approximation is 
identical to the one deduced using a self-consistency argument. 
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It is common knowledge that the statistics of particles in 2+1 dimensions can 
be altered by adding an appropriate "fictitious" electric charge and magnetic flux 
to each particle. This gives the particles a so-called "statistical interaction" which 
is, in fact, not a real interaction; it involves no force. The only effect is in the 
quantum mechanical phase between processes which differ only in the windings of 
the particles around each other [1]. Since the statistics of particles is essentially 
embodied in such phases (particle exchanges have phase ±1 according to whether 
the particles are bosons or fermions), this statistical interaction is aptly named. 
Attaching charge q and flux <E> to the particles results in an additional contribution 
per particle exchange of expiqQ/2. Thus, if g$ is an even or odd multiple of 2it 
the statistical interaction introduces no phase or a phase —1 per interchange. In 
the former case it is trivial; in the latter case (corresponding to one unit of flux) 
the statistics of the underlying particles are changed from Fermi to Bose and vice 
versa. However for arbirtrary values of g<3> the resulting statistics is neither Fermi 
nor Bose and we have anyons [2]. 

There has been much interest recently in the many-anyon system, the anyon 
gas. The analysis is complicated, because even if the anyons have no conventional 
interaction, the statistical interaction must nonetheless be treated as such; in fact, 
one finds that three-body interactions arise. 

Most discussions of the anyon gas describe the particles as fermions with statis- 
tical interaction, so-called fermion-based anyons [3,4,5]. The approach is a mean- 
field or average-field approximation (MFA), wherein one replaces to lowest order 
the statistical magnetic field by a uniform one with the same average value. Then 
the difference between the actual and mean magnetic fields is treated as a pertur- 
bation, for instance in the RPA approximation. 
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Alternatively, one can start with bosons plus statistical interaction, so-called 
boson-based anyons [6,7]. Again an MFA is a useful starting point. 

One justification for the MFA is a self-consistency argument, given in Chen, 
et al. [5]. One assumes an MFA, after which one has free conventional particles 
in an external uniform magnetic field. The classical trajectories are then circular, 
and taking a typical particle velocity the radius of curvature can be calculated. If 
the number of particles within such a circular orbit is large, or equivalently if the 
radius of curvature is larger than the average interparticle separation, the MFA is 
deemed to be good. The result [5,9] is simply expressed in terms of the strength 
of the statistical interaction, which we will call a (so that a = — no statistical 
interaction — corresponds to bosons/fermions for boson/fermion-based anyons). 
Then the number of particles inside a typical orbit, Q, is Q ~ a~ 2 for fermion- 
based anyons, and Q ~ cT x for boson-based anyons. The criterion on a therefore 
is 

a < 1 boson-based anyons 

a C 1 fermion-based anyons 

Thus, we see that the approximation is valid near Bose statistics for boson-based 
anyons, and near Fermi statistics for fermion-based anyons; the difference in powers 
of a indicates that one can be slightly further from conventional statistics for 
fermion-based anyons before the approximation breaks down. 

Here we would like to explore another possible means of justifying the MFA, one 
that is somewhat more sophisticated in that it does not rely on self-consistency. 
The basic idea, hinted at in Ref. [6], arises due to parity violation, which is a 
characteristic of generic anyon models (although models can be constructed which 
eliminate parity violation [10]). Among other things, parity violation allows the 
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possibility of an asymmetry in the scattering of anyons: the scattering cross section 
is not necessarily an even function of the scattering angle p, and in a collision 
between two anyons, on average a particle would scatter preferentially to the left, 
say. (Such a situation can't happen if parity is conserved, in which case da /dp 
must be an even function of the scattering angle p.) An explicit calculation of the 
scattering of anyons with an additional hard-core repulsion, which nicely illustrates 
the asymmetry in the scattering, has been performed by Suzuki, et al. [14]. 

Consider the trajectory of an individual particle in a gas of anyons. This 
preferential handedness of the scattering will mean that the particle will have a 
roughly circular orbit; we can ascribe a mean radius of curvature for the particle, 
a sort of discretized analog of the mean-field radius of curvature mentioned above. 
As in that case, if the number of other particles within the orbit is large, one 
can say that the graininess of the magnetic field (a sum of delta functions at the 
particle positions) is relatively unimportant and the MFA is deemed to be good. 

We initially consider free anyons for simplicity, which is essentially pure 
Aharonov-Bohm scattering [12,13], although we will see that the addition of an 
additional conventional interaction appears to be necessary. From the identical 
two-anyon scattering cross-section, we derive an expression for the mean radius 
of curvature of a typical particle trajectory, and find conditions under which the 
radius is bigger than the average distance between particles, whence the MFA is 
declared to be good. 

One expects that when the scattering is weak, i.e., when the statistical param- 
eter is small, the average scattering angle will be small and consequently the radius 
of curvature large; hence it seems reasonable that for weak statistical interaction, 
the MFA will be seen to be justified. This was just what the self-consistent argu- 
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ment mentioned above concluded. Furthermore, one expects that in the domain 
where both the self-consistent argument and the argument presented here indicate 
that the MFA is valid, the radii of curvature would agree. This is also found to be 
true (modulo the necessity for an additional interaction). 

Our starting point is the result of March- Russel and Wilczek [11] (MRW) for 
the scattering of boson-based anyons with an additional, conventional interaction, 
which is parameterized by a phase shift, 6. Their result is, for the center-of-mass 
scattering of two identical anyons, 



where 

^ 4(1 — cos 5) 2 sin 2 air 

irk nk sin 2 p ' 

8 sina7rsin(5/2) ... 

I = ; sm \air\ — 6/2 + sgn(air)p). 

irk sin p 

Here a is the strength of the statistical parameter (defined so that, for boson-based 
anyons, even/odd integers correspond to bosons/fermions; MRW's 9 V corresponds 
to our air), k is the particle momentum, and p is the scattering angle. 

One peculiarity of anyon scattering, as remarked by MRW, is that if we consider 
the case of free anyons, 6 = 0, the interference term I goes away and we get a 
conventional-looking scattering: 

/ da\ 2 sin 2 air 

\dp J s=0 irk sin 2 p 

In particular, there is no parity violation in the scattering of free anyons. This 
means that there will be no preferential handedness to the anyon trajectories: 



they travel in straight lines, on average. This is in stark contrast with their circular 
trajectories after the MFA. Naively following the line of reasoning outlined above, 
we would conclude that the radius of curvature of such a trajectory is infinite, and 
thus that an infinity of particles lie 'inside' the trajectory, so that the MFA is, in 
a sense, infinitely justified. However it is, initially, at least, rather unsatisfying 
that the trajectories before and after the MFA is made have little in common. For 
the most part in what follows, we will assume an interaction among the particles, 
commenting in the end on the free case. 

Thus, let us calculate the mean radius of curvature for a typical particle trajec- 
tory from (2). An ingredient in the calculation is certainly the following quantity: 



The mean scattering angle is simply this, normalized by the cross section: 



We need to supplement this with a mean length between scatterings. This is 



where s is the scattering source density, i.e., the density of anyons in the gas. 

On average, the particle travels a distance L before scattering, and its scattering 
angle is p. If the angle is small, the radius of curvature is 




P = 



Jdpp% X 




The number of particles contained within this roughly-circular orbit will then be 
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Q~R 2 S = 



sX 2 ' 

the MFA is justified if Q > 1, i.e., if 

sX 2 < 1. (4) 

Now we are equipped to calculate X, using (2). Since R is an even function of 
p, its contribution to X integrates to zero. We are left with a contribution from I, 
which gives, eventually, 

X = — sin air sin - sin I \air\ — - I . (5) 



k 2 V 2 , 

Here we see clearly that if a is an integer (corresponding to fermions or bosons), X 
is zero, as expected (due to parity). Furthermore, if 5 — (corresponding to free 
anyons), X = 0, which requires some interpretation, as will be discussed below. 

The condition for validity of the MFA, (4), becomes 

,lo s 2 • • 6 ■ (\ i *Y\ 2 ^i 

■ sin atx sin - sin \a>n\ — - Cl. 



k 2 V 2 

This unweildy expression can be simplified by supposing that we have a 'generic' 
(in particular, not small) interaction. Then we can take sin 8/2 and sin(a7r — 5/2) 
of order one, and (5) becomes, ignoring numerical factors, 

(sina7r\ 2 
— ) «1. (6) 

compared with the self-consistent result for boson-based anyons, a < 1. 



We need an estimate for k, the minimum momentum allowed (since we are 
interested in the ground state). This can be obtained in the following way. The 
mean radius of curvature gives us a length scale for the particle's trajectory if 
we think classically; quantum mechanically, we can say that the wave function 
is localized in a region of this order. The uncertainty principle then gives us a 
minimum momentum of k ~ 1/R ~ s sin cot/A;, using (3) and (5), so k 2 ~ s sin air. 
In (6), this gives 



From this, we must have either a near zero, corresponding to a weak statistical 
interaction and anyons near bosons, or a near 1, corresponding to anyons near 
fermions. (We recall that the above calculation is performed for the case of boson- 
based anyons.) In the former case, the criterion reduces to 



which is the same condition as obtained using the less-sophisticated self-consistent 
method (c/. (1)). 

Intuitively, our result seems very plausible: when a satisfies (7), the anyons 
are very near either bosons or fermions, in which case we expect that parity vi- 
olation will be minimal and the average scattering angle will be small. Thus the 
mean radius of curvature of the anyon trajectory will be large and the mean-field 
approximation is consistent. 

It is perhaps noteworthy that previous discussions of the validity of the MFA 
have concluded that the approximation is valid for anyons of statistics near that 
of the base particle. Here, we find that, for boson-based anyons (with 'generic' 



sin an <C 1. 



(7) 



a < 1, 
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interaction), either statistics near Bose or Fermi yield a justified MFA. This is very 
satisfying, since one expects that the physics of anyons should be independent of 
whether the underlying particles are bosons or fermions. 

The case of free anyons is rather peculiar. Taken at face value, our result seems 
to indicate that the MFA is indeed a very bad approximation for this case. The 
scattering of free anyons does not violate parity [11], no matter what the statistical 
paramater. Thus, the trajectory of an anyon is apparently straight (on average), 
in stark contrast to the situation after the MFA, where the particle trajectories are 
circular classically. 

However we have perhaps made an approximation which is too crude, at least 
for the case of free anyons. Namely, we have considered the motion of one anyon in 
the gas to be an uncorrelated sequence of two-particle scattering processes. This 
neglects any interference effects between subsequent scatterings, which intuitively 
should be present, and which would be non- negligible at least at high density. It 
is plausible that interference terms which arise (if we, schematically, consider the 
amplitude for several scatterings and then square to get a scattering probability) 
would affect the result significantly. In contrast, if there is an interaction the 
relative phases are incoherent and interference terms will average to zero. 

A more honest study of this problem would be, for instance, to investigate the 
movement of a charged particle in the presence of a lattice of flux tubes. This 
appears to be quite difficult. 

To summarize, we have considered parity violation in the scattering of boson- 
based anyons as a means of providing a criterion for the validity of the mean field 
approximation in an anyon gas. Adding a conventional interaction, we find that the 
mean radius of the anyon trajectory is large, and thus the graininess of the anyons 
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is unimportant, for anyons near either bosons or fermions. For the former case, the 
criterion actually turns out to be the same as the less-sophisticated self-consistency 
calculation, solidifying our confidence in this result. 

We gratefully acknowledge very useful discussions with J. McCabe and F. 
Wilczek. This work was supported in part by the Natural Science and Engineering 
Research Council of Canada and the Fonds F.C.A.R. du Quebec. 
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